The air-gap of electro-magnetic (EM) actuators determines key operating parameters such as their ability to generate force. In haptic devices these parameters are not optimised for the conditions typically seen in operation and include the heat produced in the airgap, the volume of the air-gap, and the intensity and direction of the magnetic field. The relationship between these parameters is complex thus design decisions are difficult to make. This paper considers the role of the radial magnetic field in cylindrical electric motors, a type often used in haptic devices. Two models are derived and compared with experimental measurements. The first model is a closed form solution, the second is a classic Poisson solution to Ampere's equation. These models are shown to be valid for making more general design decisions in relation to haptic actuators, and in particular allow an evaluation of the trade off between the volume of the air-gap, the resulting radial magnetic field and hence heat generated and the resulting forces. electrical machines, electro-magnetic actuators, DC motors, radial magnetic field, diametrically polarised, cylindrical magnet
Introduction
An overlooked aspect of haptic interface research is the demands required of the actuators to deliver the needed forces to the individual. There are few bespoke commercial actuators designed for haptic applications. One exception is the Apple Taptic engine designed to provide haptic feed back in the Apple Watch, iPhone, iPad and MacBook laptops etc. In most other cases haptic interface designers use off the shelf motors and actuators that are often intended for different operating conditions such as gear based transmissions where the actuator should operate at high speeds and low torque in a single direction. In most haptic applications, the preference would be for an actuator that can deliver high force with minimal delay at more modest speeds.
As well as delivering forces with minimal delay, actuators for haptic devices need to transfer kinetic energy into and out of the individual. If we consider an interaction such as simulating the taps of a small (virtual) hammer, we can consider the bounce as nearly an ideal elastic collision. To achieve this in a haptic context requires the movement of the persons hand and arm to be arrested and then accelerated in the opposite direction. This represents a transfer of kinetic energy out of, and back into the person's hand and arm. Managing this energy transferring is the responsibility of the haptic actuators, coupled to any motor amplifiers and the power supply. The energy absorbed by the device must either appear primarily as heat loss in the mechanism or actuator, or potentially be transferred back to the power source for storage. Several authors have tried to divert this energy into programmable or auxiliary damping. For example Weir et al. used both passive damping and controlled damping implemented in analogue electronics [12] , Harwin et al. used magnetic particle brakes [4] whereas Gosline and Hayward [3] and MohandOusaid et al. [6] used eddy current braking. Although the haptic fidelity and stability are improved, this is at the expense of complexity. It may be possible to reduce this complexity by careful consideration of energy management in a bespoke haptic actuator as it is the actuator that takes the primary burden for delivering the force and managing this energy flow into and out of the person.
Novel actuators may eventually provide useful solutions, and in particular actuators using graphene or low temperature superconductors would have many desirable characteristics for electro-magnetic actuators. High conductivity implies less heat loss through i 2 R heating, and the thermal properties of graphene would make the management of any of this undesirable heat much easier. However more research will be needed to address difficulties with the fabrication and assembly of graphene components before this material can be applied in the production of efficient commercial actuators for haptic applications. Similarly, although superconducting materials would allow high currents and high magnetic fields to be produced to deliver the necessary forces in a haptic actuator, current materials have a significant overhead in terms of thermal management that would need to be addressed.
Adapting off-the-shelf actuators to haptic devices usually mandates a high efficiency transmission to deliver meaningful forces onto the person [10, 11] . The most common approach is to use a backdrivable transmission principal that assumes that there is a loss-less relation between the motor torques and the endpoint forces [2] . In most 'backdrive' mechanisms the motor spends time operating 'stalled' when the motors do not move, yet need to provide a significant torque. Limitations of off-the-shelf components to operate in these conditions result in haptic devices with an inability to portray hard contact without a 'spongy' feel. Although accuracy and delays in sensing, and the dynamics of the motor and drive electronics all contribute to these problems, this paper focuses on the motor air-gap and the potential for managing energy (including heat) in that space.
A calculation derived in [5] (eq 2) shows the importance of energy management in the air-gap of an electromagnetic actuator intended for haptic interfaces. In an ideal electrical machine with an air-gap volume V it can be shown [5] that the generated force F is given by
where B is the magnetic field, and ρ is the resistivity of the armature wire and P loss is the power lost as heat (i.e. i 2 R heating). Thus to maximise the available force requires management of these four variables. This paper will not consider ρ, a material property of the armature conductor, nor P loss , a necessary consequence of generating high forces, rather it will focus on the inter relationship between air-gap volume V and available magnetic field B.
Equation 1 can also be written in terms of the power loss i.e. P loss =
. It is then evident that a reduction in this power can be achieved by increasing the magnetic field and the air-gap volume. However these two variables are coupled so for any given magnetic material is there a benefit to increasing the volume of the air-gap given that there will inevitably be a reduction of the magnetic field across the air-gap? But if air-gap volume can be increased there may be a secondary benefit in terms of the design of mechanisms to allow efficient extraction of heat from the armature and hence allow for higher actuator forces [5] .
The paper will only consider actuators with two pole cylindrical magnets that are diametrically polarised as these are most common in the small DC electric motors used in devices such as the Sensible/3D systems Phantom range, the Novint Falcon, Entact robotics W5D etc.
Theory
Modelling the magnetic field in a motor air-gap is non-trivial usually requiring a piece-wise solution to the Maxwell equations such as the method of finite element analysis. However simply models are possible and may be of value in gaining a better understanding of the conditions that must be optimised to improve the performance of electro-magnetic actuators for use in haptics. A close form solution to Ampere's non time varying equation ∇ × H = J is explored in section 2.1. This equation can be used to get a first approximation of the trade-off between air-gap volume and magnetic field. Section 2.2 overviews a common method used to simplify Ampere's and Gauss's equations for 2 dimensional analysis. The relationship of these results to experimental measurements is given in section 3 and 4. Discussions and conclusions follow.
A two dimensional closed form estimation of the magnetic field
in a diametrically polarised cylindrical magnet. Figure 1 : Calculation of the magnetic field of a diametrically magnetised cylindrical magnet. A north pole line (NPL) and a south pole line (SPL) can be considered as the intersection between the magnet and the y − z plane A simplified two dimensional version of a static magnetic field for a two pole cylindrical magnet polarised along a radius can be found in closed form. This type of magnet is commonly used in cylindrical motors for haptic applications. As typical of this type of solution we can exploit symmetries in the solution, in particular the field will be symmetric with respect to the x − z plane shown in figure 1. Although the material properties of the cylindrical magnet as characterised by first order reversal curves or second quadrant B-H hysteresis curves could be considered, these do not adapt easily to more general modelling. The approach used in this paper is to characterise the magnetic material properties by a notional surface current representing the underlying causes of the field. In figure 1 this surface current will flow into the paper (−z) for the region −π/2 < φ < π/2 and reverse to be out of the paper for the region π/2 < φ < 3π/2. This surface current results in the classic concept of a north and a south pole. The location of the peak radial magnetic field occurs along two magnetic poles lines (north pole line -NPL and south pole line -SPL as indicated in figure 1 ). An instantaneous reversal of current at these two pole lines is initially assumed although this is later relaxed to avoid a singularity in the solution.
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With these assumptions we can calculate the radial field at a distance R from the centre of the magnet by considering the current contributions from all the surface currents by integrating θ through a full circle noting the current reversals as the angle φ + θ crosses the y-axis.
Radial field.
The static magnetic field strength H due to a straight line current I dθ flowing down the length of the cylinder and situated a distance l from rdθ can be approximated from Ampere's equation as
This field must ensure that the cross product is maintained so that the direction of H must be perpendicular to both the line current in the z direction, and the vector pointing along the measurement l. By considering the radial component of H as H r = H sin α we can then identify the field due to each current element and integrate this equation to compute the field due to the cylindrical magnet.
From figure 1 it is possible to show that the radial magnetic field will be
Using the geometrical relationships r sin θ = l sin α and l 2 = (R − r cos θ) 2 + (r sin θ) 2 , and using the negative sign on the current to reverse the limits of the second term in equation 1 these two integrals can be solved as
On integration this becomes
A similar process can be used to compute the tangential field, but it is not necessary to derive this as it does not contribute to the ability of a cylindrical motor to produce torque.
Adjustment for modelling the field at the pole lines.
The calculation of the magnetic field at the two pole lines poses a problem when instantaneous current reversal at the pole lines is assumed. If the radial field at the surface of the magnet is needed along this line the solution is infinite because the sin terms in equation 3 take on the values ±1 and the equation reduces to
Where B r is the radial field along the pole line. Thus there is a singularity when trying to calculate the field along the pole lines at the surface of the cylinder when a division by zero occurs. The obvious solution is to allow a space along the pole line where the surface current is assumed to be zero. This is readily done by changing the integration limits of equation 2 thus
where 2∆ now represents the angle at the two pole lines where there is no surface current.
Air-gap field estimation using 2D numerical solutions to Maxwell equations
The theoretical formula described in section 2.1 does not account for the role of the casing in motor design, that helps to intensify the field in the air gap. An alternative way to estimate this magnetic field is to consider 2D solutions to the Maxwell equations. The following method is well described in standard text books such as [8] [9] .
The approach used here is to assume that A z (magnetic vector potential) and J z (current density) are scalar and represent the z value of their 3D equivalents. Assume H, B, the magnetic field strength, and magnetic flux density are 2D vector fields in the x-y plane. It is then possible to reconfigure the static version of Ampere's equation (∇ × H = J) as ∇ · C H = J z where C is the matrix
C serves a similar function to the 3D curl operation ∇×. Likewise the gauge equation B = ∇ × A that ensures flux conservation ∇ · B = 0 can be rewritten for two dimensional solutions as B = C∇A z . Finally the relationship B = µ H where µ is a property of the material will be used throughout, including an assumption that it will apply to the hard magnetic material of the motor core magnet. Instead the magnetising strength of this material will be modelled as a surface current J z that reverses at the half way line between the two pole lines (NPL/SPL).
These assumptions allow the solution to be written as a Poisson problem
By adding boundary conditions, this class of problem can be solved with tools such as the Matlab PDE (partial differential equation) toolbox. The radial field was measured on two cylindrical magnet configurations to assess the validity of the proposed models. The first configuration was a cylindrical magnet with a diameter of 23mm that was sufficiently removed from magnetic material to assume a free space condition. The second was the air-gap of a partially disassembled Maxon RE25 motor. The field was measured using a GMET H001 Gauss meter (CERMAG Ltd) with a 1-3000 Gauss range and a 1 Gauss resolution using a transverse (thin) probe. All experiments were done using an indexing head at 9 degree increments -this was for convenience since this particular indexing head had a 40:1 gear ratio. Figure 3 shows the measured radial field of the isolated cylindrical magnet. Also shown in the graph are the theoretical result as predicted by equation 3. The figure clearly shows that the model works well away from the surface of the magnet and away from the pole lines. The model does not predict the field well along the two pole lines. This is as expected by consideration of equation 3. Figure 4 shows that the revised model as described by equation 4 is a better fit to the experimental data. This supports the premise that the surface current density may not change instantaneously along the pole line. This may be a consequence of the magnetisation procedure or a material limitation. Like the simpler model, the prediction of field away from magnet surface and away from the pole line is good. Figure 5 shows the radial field as measured at the mid radius in the air-gap of a Maxon RE25 motor. The comparison between the measured results and the numerical solution to the simplified Ampere equation can be seen in the left hand graph, and the right hand graph overlays a computed value of the radial magnetic field as given in equation 3. Table 1 uses the results of the 2D simulation described in section 2 solved with the Matlab PDE toolbox to estimate the mid air-gap field of a cylindrical magnet with enclosure and shows the trade-off between air-gap volume and field strength.
Results
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Discussion
Both the partial differential equation based numerical model and the closed form model of a cylindrical magnet field are viable for modelling the field in the air-gap of a cylindrical motor and hence evaluating the potential for better motor efficiency for a haptic application. It is evident that the numerical solution based on a 2D solution to Ampere's equation provides better accuracy, particularly at the pole lines, and can include the effects of the casing in enhancing the field, however the closed form with adjustment for the pole line singularity may be acceptable and is much simpler to calculate.
Using these methods the loss in field strength as the diametrical air-gap radius is increased is shown to be roughly in proportion (Table 1) , so increasing the air-gap volume is countered (as expected) by the loss in magnetic field strength. This suggests that management of heat in an actuator designed specifically for haptic applications will need to consider more than just an increase in the air-gap volume to improve efficiency, and more consideration will be needed to ensure that heat is conducted away from the air-gap. However it would seem feasible to increase the air-gap volume and accept a lower magnetic field strength given the potential that may allow for better heat management.
Future work will now need to consider thermal modelling (e.g. [1, 7] ) in addition to field modelling to optimise electrical machines for haptic applications. As has been shown, the modelling of this field just over the pole lines is difficult so the calculations could use an offset, possibly by 15 to 30 degrees where the surface current is assumed to be zero so as to get best use out of the magnetic field models.
Conclusion
The two models of the radial magnetic field of a cylindrical magnet presented in this paper have been validated against experimental results for both an exposed cylindrical magnet, and the air-gap of a typical motor used in haptic applications. In both cases there is good agreement between the models and the measured radial magnetic field. The derivation of a robust and believable framework for the field in the air-gap of a cylindrical motor will allow better evaluation of the inter-relationships between the volume of an actuator air-gap and the resulting field and hence ability to produce continuous and controllable forces via the motor. In turn this may enable better design decisions about the managing the heat generated by the armature and hence the ability of the actuator to produce a sustained force. The understanding the relationships between the ability of the actuator to generate high sustained forces and the air-gap volume will require careful evaluation for haptics applications as the i 2 R heat generated by the armature is a necessary condition for force generation in an electro-magnetic haptic actuator. Increasing the air-gap volume may provide a rational approach to improving the extraction of this heat without compromising the actuator performance.
